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 .  .For a special class of the external force g t and nonnegative potential a t , we
give necessary and sufficient conditions for the oscillation of all solutions of a
nonlinear second order forced differential equation with delayed argument of
 .  . <   .. <n   ..  .Emden]Fowler type in the form x0 t q a t x f t sgn x f t s g t in the
 .  .superlinear n ) 1 and the sublinear cases n - 1 . Q 1997 Academic Press
1. INTRODUCTION
Consider the forced nonlinear second order differential equation with
delayed argument
< <nx0 t q a t x f t sgn x f t s g t , 1 .  .  .  .  .  . .  .
w .  .  .  .where t g R s 0, ` , a t , g t , f t are real valued continuous functionsq
 .  .  .  .on R with f t increasing, f t F t, and lim f t s `. When f t sq t ª`
 .t, Eq. 1 takes the form
< <nx0 t q a t x t sgn x t s g t , 2 .  .  .  .  .  .
which is the forced Emden]Fowler equation.
 .  .In the case of n ) 1, Eqs. 1 and 2 are the prototypes of a class of
nonlinear equations called superlinear equations. When 0 - n - 1, they
 .are the prototypes of the class of sublinear equations. A solution of 1 or
 . w .2 is said to be oscillatory if it is defined on some ray a , ` and has an
unbounded set of zeros. The equation will be called oscillatory if every
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w xsolution defined on some ray is oscillatory. In 9 one can find different
 .conditions sufficient for the oscillation of all solutions of Eq. 2 . The
technique of the proof depends mainly on the assumption, made earlier by
 w x.  .Kartsatos see 4, 5 , that there exists an oscillatory function h t such that
 .  .h0 t s g t . Other results on forced oscillations of nonlinear second order
 . w x w xequations of type 2 can be found in 6 and for linear equations in 3, 8 .
 .  .   .In the present paper, for nonnegative a t and bounded h t h0 t s
 ..  .g t , we give necessary conditions for Eq. 1 to be oscillatory in the
sublinear and the superlinear cases. The conditions resemble those ob-
 w x.tained earlier for the unforced equation see 1, 2, 7 . For a particular
 .class of h t these conditions are also sufficient.
2. SUPERLINEAR EQUATIONS
 .Let n ) 1 in Eq. 1 . Assume the following
 .  .1 a t G 0,
 .  .  .  .2 there exists a bounded function h t such that h0 t s g t and
let
< <h t F M , for all t . .
 .  .THEOREM 1. Under the assumptions 1 , 2 if
`
ta t dt - `, 3 .  .H
0
 .then there exists a nonoscillatory solution of Eq. 1 defined on some ray.
Proof. Let T be such that
` 1 1rn
sa s ds - 1r2 min , 4 .  .  .H n ny1 52 M q 1 .T 2 M q 1 .
  ..T exists due to 3 .
Consider the complete metric space X consisting of all continuous
 . w .functions x t defined on T , ` and satisfying the inequalities
1
F x t F 2 M q 1, 5 .  .
2
endowed with the metric
< <d x , y s sup x t y y t . .  .  .
T-t-`
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The operator A defined by
`
nAx t s M q 1 q h t y s y t a s x f s ds, .  .  .  .  .  .  . .H
t
for t G fy1 T , .
`
nAx t s M q 1 q h t y s y t a s x f s ds, .  .  .  .  .  .  . .H
y1 .f T
for T F t - fy1 T .
 . .maps X into itself. In fact, x g X implies that Ax t is continuous and
 . .   .  ..  .  .Ax t F 2 M q 1 because h t F M from 2 . Moreover, from 2 , 4
we see that
`
nAx t G 1 y sa s x f s ds .  .  .  . .H
y1 .f T
` 1nG 1 y 2 M q 1 sa s ds G . .  .H 2T
Now, we shall show that A is a contraction mapping. For this,
`
n n< < < <Ax t y Ay t F s y t a s x f s y y f s ds .  .  .  .  .  . .  .H
y1 .f T
`
n n< <F sa s x f s y y f s ds. .  .  . .  .H
y1 .f T
 . nUsing the mean value theorem applied on the function f l s l , we see
that
`
ny1d Ax , Ay F n d x , y sa s z f s ds, .  .  .  . .H
y1 .f T
  ..   ..   .. y1 .where z f s lies between x f s and y f s , s ) f T G T , i.e.,
 .satisfies the inequalities 5 . So, we have
`
ny1d Ax , Ay F n d x , y 2 M q 1 sa s ds. .  .  .  .H
T
1 .  .  .From 4 , we see that d Ax, Ay F d x, y , i.e., A is a contraction2
mapping. Thus, by the known Banach contraction mapping theorem, A
has a unique fixed point x g X, i.e.,
`
n y1x t s M q 1 q h t y s y t a s x f s ds, t ) f t . .  .  .  .  .  .  . .H
t
 .  .Differentiating twice, we see that x t satisfies Eq. 1 in the ray
 y1 . .f T , ` . The proof is complete.
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w xIn his paper 9, Theorem 5, p. 670 Wong proved that the condition
`
ta t dt s ` 6 .  .H
0
 .  .is sufficient for Eq. 2 to be oscillatory assuming that h t is oscillatory
and satisfies the condition
 .  .  4  43 h t is oscillatory and there exists two sequences s , s tendingn n
to infinity such that for all n
h s s inf h t : t G s , 4 .  .n n
h s s sup h t : t G s . 4 . .n n
 .For this class of bounded functions h t and under the additional condi-
tion
 .  .4 f t is differentiable and there exists a positive constant a such
? .that f t G a for every t g R ,q
 .we prove that the condition 6 is sufficient for the oscillation of all regular
 . w xsolutions of 1 . In fact the proof in 9 , however, given for equations
without delayed argument, can be extended to the equations with delayed
 .argument. For completeness, we give a proof different from that of Wong
of this fact.
 .  .  .  .THEOREM 2. Under the assumptions 1 , 3 , and 4 , the condition 6 is
 .sufficient for Eq. 1 to be oscillatory.
Proof. Assume, to the contrary, that there exists a nonoscillatory solu-
 .  .tion x t of 1 and, for definiteness, let
x t ) 0, x f t ) 0 for t G t . 7 .  .  . . 1
 .  .  .  .Put x t s y t q h t . Then y t satisfies the equation
y ?? t q a t xn f t s 0. 8 .  .  .  . .
?? .  .From this we see that y t F 0. Hence y t is of one sign and, definitely,
  . . ? .it is positive otherwise h t will not be oscillatory . Consequently y t G 0,
i.e., we have
y t ) 0, y ? t G 0, y ?? t F 0 9 .  .  .  .
  . ? . .  .i.e., y t is increasing and y t is decreasing . From the increase of y t
 .  .and condition 3 on h t , we easily see that there exists t ) t such that2 1
 .  .y t q h t G b ) 0 for every t ) t , i.e.,0 2
x t G b for t ) t . 10 .  .0 2
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This implies the existence of a positive number b such that
x t G b y t . 11 .  .  .
 4In fact, if this is not true, then there exists a sequence t tending ton
infinity such that
1
x t s y t q h t F y t . 12 .  .  .  .  .n n n nn
 .  .  .  .  .So, 1 y 1rn y t q h t F 0. If y t ª `, then h t will tend to y`n n n n
 .which contradicts the fact that h t is bounded. If, on the other hand,
 .  .   ..  .y t ª const., then x t ª 0 from 12 which contradicts 10 . Hencen n
 .11 is true. Now, put
y ? t .
r t s yt , t G t . . 2ny f t . .
 .Differentiating and using Eq. 8 , we obtain
xn t y ? t y ? t y ? f t .  .  .  . .
? ?r t s ta t y q n t f t . .  .  .n n nq1y t y f t y f t .  .  . .  .
 .  .  .From 4 , 9 , and 11 , we see that for t G t2
1 y ? f t c . .
? n ? 2r t G b ta t y f t q r t , .  .  .  .na y f t t . .
ny1  ..where c s na y f t . Integrating from t to t, we get2 2
t
nr t G r t q b sa s ds .  .  .H2
t2
1 1 1tynq1 ynq1 2y y f t y y f t q c r s ds. .  .  . .  . H2a yn q 1 2t2
 .From 6 , we see that there exists t ) t such that3 2
1t 2r t G c r s ds, t ) t . 13 .  .  .H 3st2
t  . 2 .  . ? .  . 2 .  .Putting cH 1rs r s ds s z t , we see that z t s crt r t . From 13 ,t2
? .  . 2 . 2 .we get z t G crt z t . Dividing by z t and integrating from t to t,3
 .  .we get 1rz t G c ln trt which gives a contradiction as t ª `. This ends3 3
the proof of the theorem.
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 .  .COROLLARY. For the particular class of functions h t and f t satisfying
 .  .  .3 , 4 , respecti¨ ely, the condition 6 is necessary and sufficient for the
 .oscillation of all regular solutions of Eq. 1 .
3. SUBLINEAR EQUATIONS
 .Let 0 - n - 1 in Eq. 1 .
 .  .THEOREM 3. Under the assumptions 1 and 2 , if
`
nt a t dt - `, .H
0
then there exists a nonoscillatory solution defined on some ray.
Proof. Let T be a fixed large number such that
` 1
ns a s ds F , T ) n , T ) 8 M . 14 .  .H 8T
Consider the complete metric space Y consisting of all continuous func-
 . w .tions x t defined on T , ` such that
1
t F x t F t , 15 .  .
2
endowed with the metric
1
< <d x , y s sup x t y y t . 16 .  .  .  .
tT-t-`
Consider the operator A acting in Y by the formula
t t
nAx t s q M q h t q sa s x f s ds .  .  .  .  . .H
y12  .f T
`
n y1qt a s x f s ds, t G f T , .  .  . .H
t
t
Ax t s q M q h t .  .  .
2
`
n y1qt a s x f s ds, T F t - f T . .  .  . .H
y1 .f T
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This formula is well defined on the elements of Y. We shall show that A
 . .  . .maps Y into itself. In fact, for x g Y, Ax t is continuous and Ax t G
 .tr2. Moreover, from 14 we have
`t t
n nAx t F q 2 M q t a s s ds q t a s s ds .  .  .  .H H2 T T
t t t t
F q q q s t .
2 4 8 8
It remains to show that A is a contraction. For this,
`2
n n< <d Ax , Ay F sa s x f s y y f s ds .  .  .  . .  .H
y1T  .f T
`2
ny1< < < <F sa s n z f s x f s y y f s ds, .  .  .  . .  .  .H
y1T  .f T
17 .
  ..   ..   ..where z f s lies between x f s and y f s . Since 0 - n - 1, we get
 .from 15
ny1 ny11yn 1yn ny1z f s F 2 f s F 2 s . .  . .
 .  .Applying this in 17 we get, using 14 ,
2yn
`n 2 1
nd Ax , Ay F d x , y s a s ds F d x , y . .  .  .  .HT 2T
Hence A is a contraction mapping. This proves that A has in Y a unique
 . y1 .fixed point x t , i.e., for t ) f T
t t
nx t s q M q h t q sa s x f s ds .  .  .  . .H
y12  .f T
`
nq t a s x f s ds. .  . .H
y1 .f t
 .  .Differentiating twice, we see that x t satisfies Eq. 1 in the ray
 y1 . .f T , ` . This completes the proof of the theorem.
w x  .It was proved by Wong 9, Theorem 6, p. 672 that if 3 is satisfied, then
the condition
`
nt a t dt s ` 18 .  .H
0
 .is sufficient for Eq. 2 to be oscillatory. We extend this result to the case
 .of Eq. 1 .
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 .  .  .  .THEOREM 4. Under the assumptions 1 , 3 , and 4 , the condition 18 is
 .sufficient for Eq. 1 to be oscillatory.
Proof. Assume, to the contrary, that there exists a nonoscillatory solu-
 .  .tion x t of 1 and, for definiteness, let
x t ) 0, x f t ) 0 for t G T . .  . .
 .  .  .  .Put x t s y t q h t . Then y t satisfies the equation
y ?? t q a t xn f t s 0. 19 .  .  .  . .
From this, like the proof of Theorem 3, we get for t G T
y ?? t F 0, y ? t ) 0, y t ) 0, x f t G b y f t . 20 .  .  .  .  .  . .  .
The first two relations show, easily, that for some b ) 0
y t - bt . 21 .  .
Now, introduce the function
r t s ytn y ? t ryn f t . .  .  . .
 .Differentiating and substituting from Eq. 19 , we get
xn f t y ? t .  . .
? n ny1r t s t a t y n t .  . n ny f t y f t .  . .  .
y ? t y ? f t .  . .
n ?q n t f t . .nq1y f t . .
 .  .From 20 , 21 we have
n y ? f t . .
? n n ? n 2 ny1r t G b t a t y f t q na t r t y t .  .  .  .  .na y f t . .
n y ? f t . .
n n ? ny1 y1 2G b t a t y f t q na b t r t . .  .  .na y f t . .
Integrating from T to t, using the assumption of the theorem and that
0 - n - 1, we get for sufficiently large t
t
ny1 y1 2r t G na b s r s ds. .  .H
T
Completing the proof as for Theorem 3, we get the required contradiction.
NONLINEAR SECOND ORDER EQUATIONS 59
 .  .COROLLARY. For the particular class of functions h t and f t satisfying
 .  .  .3 , 4 , respecti¨ ely, the condition 18 is necessary and sufficient for the
 .oscillation of all regular solutions of Eq. 1 in the case 0 - n - 1.
 . w xNote. When g t s 0, the famous theorems of Atkinson 1 and Belo-
w xhorec 2 on the necessary and sufficient conditions for the unforced Eq.
 .2 to be oscillatory follow as consequences of Theorems 1, 2, 3, 4.
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